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Abstract: In this talk, we show how the monodromy matrix, Ad, can be constructed for 
the two dimensional tree level string effective action. The pole structure of M. is derived 
using its factorizability property. It is shown that the monodromy matrix transforms 
non-trivially under the non-compact T-duality group, which leaves the effective action 
invariant and this can be used to construct the monodromy matrix for more complicated 
backgrounds starting from simpler ones. We construct, explicitly, M. for the exactly 
solvable Nappi-Witten model, both when B = and Jj / 0, where these ideas can be 
directly checked. 



1. Introduction 

The field theories in two space-time dimensions have attracted considerable attention over 
the past few decades. They possess a variety of interesting features. Some of these field 
theories, capture several salient characteristics of four dimensional theories and, therefore, 
such two dimensional models are used as theoretical laboratories. Moreover, the nonper- 
turbative properties of field theories are much simpler to study in two dimensional models. 
There are classes of two dimensional theories which are endowed with a rich symmetry 
structure: integrable models [jlj] and conformal field theories [||, || belong to this special 
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category among others. Under special circumstances, in the presence of isometries, a four 
dimensional theory may also be described by an effective two dimensional theory. 

The string theories are abundantly rich in their symmetry content. The tree level 
string effective action, dimensionally reduced to lower dimensions, is known to possess en- 
larged symmetries |3|, ||, |(|. Let us consider, toroidal compactification of heterotic string on 
a d-dimensional torus, from 10-dimensional space-time to 10 — d dimensions. The reduced 
theory is known to be invariant under the non-compact T-duality group, 0(d,d + 16). For 
the case d = 6, namely, in the case of reduction to four space-time dimensions, the field 
strength of the two form anti-symmetric tensor can be traded for the pseudoscalar axion. 
Furthermore, the dilaton and axion can be combined to parameterize the coset —jfwfy- ■ 
Thus, the four dimensional theory possesses the T-duality as well as the S-duality group of 
symmetries. When the string effective action is reduced to two space-time dimensions we 
encounter an enhancement in symmetry as has been studied by several authors [f7|, ||, |9|, [H| . 
The string effective action describes supergravity theories and the integrability properties 
of such theories have been investigated in the recent past [l3|]. It is worth while to 
mention that higher dimensional Einstein theory, dimensionally reduced to effective two 
dimensional theories, has been studied in the past [ jl4| . One of the approaches is to derive 
the monodromy matrix which encodes some of the essential features of integrable field 
theories. An effective two dimensional action naturally appears when one considers some 
aspects of black hole physics, colliding plane waves as well as special types of cosmolog- 
ical models. Recently, we have shown that the two dimensional string effective action 
has connection with integrable systems from a new perspective in the sense that one can 
construct the monodromy matrix for such theories with well defined prescriptions 15]. It 
was shown, while investigating the collision of plane fronted stringy waves, that the mon- 
odromy matrix can be constructed explicitly for a given set of background configurations 
|lq] . Subsequently, we were able to give the procedures for deriving the monodromy matrix 
under general settings. It is worth while to mention that some of the interesting aspects of 
black hole physics can be described by an effective two dimensional theory |]18|| . Moreover, 
there is an intimate relation between colliding plane waves and the description of four 
dimensional space-time with two commuting Killing vectors. 

Chandrasekhar and Xanthopoulos [p^j , in their seminal work, have shown that a vi- 
olently time dependent space-time with a pair of Killing vectors provides a description 
of plane colliding gravitational waves. Furthermore, Ferrari, Ibanez and Bruni |23|] have 
demonstrated that the colliding plane wave metric can be identified, locally, to be isomet- 
ric to the interior of a Schwarzschild metric. In another important step, Yurtsever [24] 
constructed the transformation which provides a connection between a metric describing 
colliding waves and one corresponding to the Schwarzschild black hole. As is well known, 
from the study of colliding plane gravitational waves [^] corresponding to massless states 
of strings, there is a curvature singularity in the future. Recently, the appearance of the fu- 
ture singularity, has found an alternative description in the context of Pre-Big Bang (PBB) 



scenario |26|, 27]. The incoming plane waves are to be identified as the initial stringy vac- 



uua of the Universe, which collide and lead to the creation of the Universe. Indeed, the 
solutions correspond to Kasner type metric and the exponents fulfill the requirements of 



- 2 - 



Workshop on Integrable Field Theories, Solitons and Duality. 



Ashok Das 



PBB conditions. A very important fact, in this context, is that one starts from a four 
dimensional effective action; however, the physical process is effectively described by a two 
dimensional theory. 

When we focus our attention to address these problems in the frame work of string 
theory, it is essential to keep in mind the special symmetries, such as dualities, which are an 
integral part of the stringy symmetries. We have investigated [^] the behavior of the mon- 
odromy matrix under T-duality transformation of the backgrounds under a general setting 
when the two dimensional action is derived from a D-dimensional string effective action 
through compactification on a d-dimensional torus, T d . It was shown that the monodromy 
matrix transforms non-trivially under the duality group 0(d,d). Therefore, it opens up 
the possibility of studying integrable systems which might appear in the context of string 
theories. As an example, we considered the Nappi-Witten [19| model, which is a solution 
to an exact conformal field theory described by a WZW model. We first obtained the mon- 
odromy matrix for the case when the 2-form anti-symmetric tensor is set to zero. It is also 
well known that an anti-symmetric tensor background can be generated through an 0(2, 2) 
transformation from the initial backgrounds [28]. We can construct the monodromy matrix 
for the new set of backgrounds using our prescriptions. On the other hand, the new mon- 
odromy matrix can be constructed directly by utilizing the transformation rules discovered 
by us. Indeed, we explicitly, demonstrated that the monodromy matrices obtained via the 
two different routes are identical. It is obvious from the preceding discussions that the 
symmetries of the effective action play an important role in the construction of the mon- 
odromy matrix and its transformation properties under those symmetry transformations. 
Therefore, it is natural to expect intimate connections between the integrability properties 
of the two dimensional theory and the full stringy symmetry groups of T and S dualities. 

In this lecture, we review the works reported in [15, 16, 17|. We provide prescriptions 
for the construction of the monodromy matrix, M, for the string theoretic two dimen- 
sional effective action. We present the pole structure of the monodromy matrix from 
general arguments. The duality transformation properties of M follow from the definition 
and construction of this matrix. For example, if the action respects T-duality, then one 
can derive how M transforms under the group, whereas, if the underlying symmetry cor- 
responds to S-duality an appropriate transformation rule for monodromy matrix can also 
be derived. Our paper is organized as follows: In Section II, we recapitulate the form of 
the two dimensional action obtained by toroidal compactification from higher dimensions. 
Then, we present the equations of motion. A key ingredient, in the derivation of the mon- 
odromy matrix, is the coset space reformulation of the reduced action. We devote Section 
III to the construction of the monodromy matrix for the problem under consideration. 
The transformation rules for A4, under a T-duality transformation, are derived once the 
matrix is constructed. An interesting observation is that the expression for A4 already 
captures the stringy symmetry in an elegant manner. In this section, we also present ex- 
plicit forms of A4 for simple background configurations which still preserve some of the 
general features. We present an illustrative example in Section IV, namely, the structure 
of the Nappi-Witten model in the present context is analyzed in detail. We present a brief 
conclusion in Section V. 
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2. Two dimensional effective action 

In this section, we will briefly recapitulate the form of the string effective action in two 
dimensions, which will form the basis for all our subsequent discussions. Let us consider, for 
simplicity, the tree level string effective action in D-dimensions consisting of the graviton, 
the dilaton and the anti-symmetric tensor field, 



S 



J d D x^de^ (r & + (d$f - Itf^i^A , (2.1) 

Here, G^o is the D-dimensional metric in the string frame with signature (—,+,•••,+), and 
G = det Gjxo- Rq is the scalar curvature, <\> is the dilaton and H/xop = d^Bo^+d^B^+dpBpjx 
is the field strength for the second-rank anti-symmetric tensor field, B^. 

If we compactify this action on a d-dimensional torus, T d , where d = D — 2, then, the 
resulting dimensionally reduced action would describe the two dimensional string effective 



action, which has the form [2C, 21], 

S = J dx°dx l ^g~e^ (r + (<90) 2 + i Tr (d a M~ 1 d a M)^j (2.2) 

Here a, (3 = 0, 1 are the two-dimensional space-time indices, g a p is the two-dimensional 
space-time metric with g = detg a p. R is the corresponding two dimensional scalar curva- 
ture, while the shifted dilaton is defined as 

4> = <f>- -log det (2.3) 

where Gjj is the metric in the internal space, corresponding to the toroidally compactified 
coordinates x l , i,j = 2, 3, D — 1 (d = D — 2). Finally, M is a 2d x 2d symmetric matrix 
of the form 

where B represents the moduli coming from the dimensional reduction of the -B-field in 



D-dimensions. In general, there will be additional terms in (2.2) associated with d Abelian 
gauge fields arising from the metric, G^, and another set of d Abelian gauge fields coming 
from the anti-symmetric tensor, B^, as a result of dimensional reduction [2C] . Further- 



more, there would also have been terms involving the field strength of the two dimensional 
tensor field, B a p. Since we are in two space-time dimensions, we have dropped the gauge 
field terms and, in the same spirit, have not kept the field strength of B a g, which can al- 
ways be removed, if it depends only on the coordinates x° and x 1 . Later, we will comment 
on the gauge fields, which assume a significant role, when Abelian gauge fields are present 
in the original string effective action ( |2.1| ). 

The matrix M corresponds to a symmetric representation of the group 0(d, d) and the 
dimensionally reduced action in (|2.2| ) is invariant under the global 0(d,d) transformations 

9a(3 -> g a {3, 4>^ 4> (2-5) 
M -» n T Mtt (2.6) 
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where f2 6 0(d,d) is the global transformation matrix, which preserves the 0(d,d) metric 

with Id representing the identity matrix in d dimensions. Namely, satisfies VL T n£l = n. 

The equations of motion for the different fields follow from the dimensionally reduced 
effective action (|2.2|). For example, varying the effective action ( |2.2| ) with respect to the 
shifted dilaton, and the metric, g a a, leads respectively to 

R + 2g a PD a Dp4> - g al3 d a ^ + \g a ?Tr {d a M-%M) = (2.8) 

o 

R af3 + D a D 4> + \Tr (d a M~%M) = (2.9) 
o 

It follows from these that 

D a D a e-t = (2.10) 

The variation of the effective action with respect to M needs some care since M is a 
symmetric 0(d,d) matrix satisfying Mr/M = rj. A simple method, for example, would 
involve adding the constraint to the effective action through a Lagrange multiplier. In any 
case, since there is no potential term in the effective action involving the matrix M, the 
Euler-Lagrange equation of motion following from the variation of the action with respect 
to M has the form of a conservation law 



d a (e-+y/=jtf#M-%M) = (2.11) 
We can further simplify these equations by working in the light-cone coordinates 

x + = -^=(x° + X 1 ), x" = —={x° - x l ) (2.12) 

and choosing the conformal gauge for the two dimensional metric, namely, 

9ap = e F ^ + ^n aP (2.13) 

In this case, eqs. (2.10) and ( |2.11| ) take respectively the forms 

d + d-e^ = (2.14) 

d+ (e~*M~ x d-M\ + d_ (e'^M^d+M) = (2.15) 



while eqs. fl2.8| ) and ( |2.9| ) can be written explicitly as 

d\4> - d + Fd + j> + - Tr (d+M^d+M) = 
8 

d+d-4>- d + d-F+ - Tr (d+M^d-M) = 



d 2 _ <j> - d-Fd-<(> + - Tr {d-M~ x d-M) = (2.16) 
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It is well known [£(]] that the moduli appearing in the definition of the M matrix (see 

Q(d,d) 
0(d) x O(d) ■ 

0(d)xO(d) ■ 



eq. ( |2.4D ) parameterize the coset (d)xO(d) • Correspondingly, it is convenient to introduce 
a triangular matrix V G o(d\x'n(d\ » °^ the f° rm 



1 I /';•:' /'*'' I 



such that M = VV T . Here, E is the vielbein in the internal space so that (E T E)ij = Gij. 
Under a combined global 0(d,d) and a local 0(d) x 0(d) transformation 

V — ► n T Vh(x) (2.18) 

where G 0(d,d) and G 0(d) x 0(d), 

M = vv T — ► n T Mn (2.19) 

Namely, the M matrix is sensitive only to a global 0(d, d) rotation. 

From the matrix V, we can construct the current V~ 1 d a V , which belongs to the Lie 
algebra of 0(d,d) and can be decomposed as 

V- l d a V = P a + Q Q (2.20) 

Here, Q a belongs to the Lie algebra of the maximally compact subgroup 0(d) x 0(d) 
and P a belongs to the complement. Furthermore, it follows from the symmetric space 
automorphism property of the coset o(d)xO(d) * na t = Pa,Qa = —Qa so that we can 
identify 

P a = \{v- 1 d a v + (v- l d a v) T ) 

Q* = \ {V~ l d a V - (V- l d a V) T ) (2.21) 

It is now straightforward to check that 

Tr (daM^d/sM) = -4Tr (P a P p ) (2.22) 

Furthermore, under a global 0(d,d) rotation, the currents in ( |2.21| ) are invariant, while 
under a local 0(d) X 0(d) transformation, V — ► Vh(x), 

P a — > h- 1 (x)P a h(x), Q a — ► h- 1 (x)Q a h(x) + h~ 1 (x)d a h(x) (2.23) 

Namely, under a local 0(d) x 0(d) transformation, Q a transforms like a gauge field, while 
P a transforms as belonging to the adjoint representation. It is clear, therefore, that ( 2.22j ) 
is invariant under the global 0(d, d) as well as the local 0(d) x 0(d) transformations. Con- 
sequently, the action in is also invariant under the local O(d) x O(d) transformations. 

This brings out, naturally, the connection between the system under study and two 
dimensional integrable systems. First, let us note that, in the absence of gravity and the 
dilaton (namely, if g a p = r] a p,4> = 0), the action in ( p.2[ ) simply corresponds to a flat 
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space sigma model defined over the coset {d)y.o{d) ' wmcn can be analyzed through a zero 
curvature condition with a constant spectral parameter (to be discussed in more detail in 
the next section). In the presence of gravity as well as the dilaton, we can eliminate the 
dilaton from the action (|2.2| ) by choosing the particular conformal gauge g a p = e^n a p. In 
this case, the action will describe a sigma model, defined over the coset o{d)xO(d) ' cou pl e d 
to gravity. As we will show in the next section, this system can also be analyzed through 
a zero curvature condition much like the flat space case, although consistency requires the 
spectral parameter, in this case, to be space-time dependent. 

So far, we have only discussed the two dimensional string effective action starting 
from the D-dimensional action in ( |2.1| ) involving the graviton, the dilaton and the anti- 
symmetric tensor field. However, the action in (|2.1[) can be generalized by adding n Abelian 
gauge fields, with the additional action of the form (such terms naturally arise in heterotic 
string theory) 

S A = ~\J d D x^e~* (g^fhuPLF^ (2.24) 
where I, J = 1, 2, n and 

PL =3^1-3^1 (2.25) 



This action can also be dimensionally reduced |20| to two dimensions and the resulting 
effective action takes the form 

Sa = ~\S dx ° dxl ^ e ~* ( F aP FlaP + 2FljF Iai ) (2-26) 



where we have defined 



4 




A Wi 




a 




P (l)< 


= d a A^ )i -d p A^ i 


F (3)J 
r a/3 


= daAf 1 - dpAf 1 




— r aj3 + r a/3 U l 


F 1 

^ at 


= d a a{ 



(2.27) 



In the presence of the Abelian gauge fields, the field strength, H, associated with the second 
rank anti-symmetric tensor field, B, needs to be redefined for gauge invariance as 

Haij = d a Bij + ^ (a(<9 a aj - aj<9 Q af) 

(2.28) 

H al 3i = -CijF^ 3 + F^ - ajF^ 1 



H al 3-y = d a B Pl - ^A^rsJ 7 ^ + eye. perms. 
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where A r a = (A^\ A { ^ , A^ ]I ), F r a0 = 8 a A r - d p A r a and 



A 



(2) 



F 



at 
(2) 



a/3 i 

Cin 



1 



a\ a\ + B 



2 "* "3 



i.i 



(2.29) 



Once again, it is easy to see that, in two space-time dimensions, the field strength H a ^ 
can be set to zero. Furthermore, keeping all other terms, the complete two dimensional 
string effective action can be shown to have the same form as in (2.2) with 

/ G -i - G -i C -G~ l a T \ 

M = -CG- 1 G + C T G- 1 C C T G- 1 a T + a T (2.30) 
v -aG- 1 aG- x C + a l + aG^a? J 

In this case, M is a symmetric d X (d + n) matrix (d = D — 2) belonging to 0(d, d + n). 
Under a 0(d,d + n) transformation 

m — ► n T Am (2.3i) 

where the parameter of transformation G 0(d,d + n) satisfying Q T nQ = n, where 

/ l d \ 

77= l d (2.32) 
V o l n J 

represents the metric for 0(d,d + n). As in the earlier case, it is more convenient to 



introduce a matrix V £ 



Q(d,d+n) 
0(d)xO(d+n) 



V 



of the form 



/ E 



-IT 







V 



-C T E~ 1T E T a T 
-aE- lT 1 



(2.33) 



such that M = VV T . As before, under a combined global 0{d,d + n) and a local 0(d) x 
0(d + n) transformation 

V — > n T Vh(x) (2.34) 

where G 0(d,d + n) and h(x) G O(ii) x 0(d + n). However, the matrix M is not sensitive 
to the local 0(d) x 0{d + n) transformations. We can now define the current V~ 1 d a V 
which belongs to the Lie algebra of 0(d,d + n) and which can be decomposed as 

V- l d a V = P a + Q a (2.35) 

In the present case, Q a belongs to the Lie algebra of the maximal compact subgroup 0(d) x 
0(d + n), while P a belongs to the complement. Under a global 0(d, d + n) transformation, 
P a and Q a are invariant, while under a local 0(d) x 0(d + n) transformation, V — > Vh(x), 



P a — > h- 1 (x)P a h(x), Q a -» h~ 1 (x)Q a h(x) + h' 1 (x)d a h(x) 
and all the discussion for the earlier case can again be carried through. 



(2.36) 
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3. Monodromy Matrix 

In the last section, we saw that the two dimensional string effective action, dimensionally 
reduced from D-dimensions, has a natural description of a sigma model defined on a coset, 
coupled to gravity. In the case when there are no Abelian gauge fields present in the 
starting string action, the sigma model is defined on the coset {d)x'o(d) where d = D — 2. 
On the other hand, if n Abelian gauge fields are present in the starting string action, 
the coset can be identified with (d)xo[d+n) • ^ n * ms sec ti° n > we wm further analyze the 
integrability properties of such a system and construct the monodromy matrix associated 
with the system. 

Let us consider a general sigma model in flat space-time, defined on the coset G/H. The 
two cases of interest for us are when G = 0(d, d), H = 0(d)xO(d) and G = 0(d, d+n), H = 
O(d) x 0(d+n). Let V G G/H and M = VV T . Then, as we have noted in the last section, 
we can decompose the current V~ 1 d a V belonging to the Lie algebra of G as 

V- l d a V = P a + Q a (3.1) 

where Q a belongs to the Lie algebra of H, while P a belongs to the complement. The 
integrability condition, following from this, corresponds to the zero curvature condition 

d a (v~%v) - d p {v- l d a v) + [(v^d a v), {v^dpV)} = o (3.2) 

Explicitly, this equation gives 

d a Qp - dpQ a + [Q a , Qp] + [P a , Pp] = 

D a P p - D p P a = (3.3) 

where we have defined 

D a Pp = d a P p + [Q a ,Pp] (3.4) 
The equations of motion for the flat space sigma model (see eq. (|2.Il| )) 

rf^daiM-^dpM) = (3.5) 

can be rewritten in the form 

n^DaPp = (3.6) 

Let us next introduce a one parameter family of matrices V(x, t) where t is a constant 
parameter (and not time), also known as the spectral parameter, such that V(x,t = 0) = 
V(x) and 

V- l d a V = Q a + P « + 7^72 e ^ p(3 ( 3 - 7 ) 

1 — t z 1 — t z 

Then, it is straightforward to check that the integrability condition 

d a {V-%V) - dp(V~ l d a V) + [(V^daV), (V^dpV)} = (3.8) 



leads naturally to eqs. ( |3 . 3[ ) , (|3 . 6[) . Namely, the integrability condition ( p.3| ) as well as the 
equation of motion for the flat space sigma model are obtained from the zero curvature 
condition associated with a potential which depends on a constant spectral parameter. 
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In the presence of gravity, however, the equation for the sigma model modifies [12, 13]. 
In the conformal gauge g a p = e^n a p, eq. ( p. 11 ) takes the form 



or. 



rj^daie^M^dpM) 








~P) = ^a{a ' r ) = u (3.9) 
As before, we can introduce a one parameter family of potentials depending on a spectral 



parameter and with a decomposition of the form (3.7). However, in this case, it is easy to 
check that the zero curvature condition in ([^) leads to the correct dynamical equation as 
well as the integrability condition provided the spectral parameter is space-time dependent 
and satisfies 



d a t 



(3.10) 



In the conformal gauge, as we have seen earlier in ( 2.14 ), the shifted dilaton satisfies a 
simple equation. Therefore, defining 



p(x) 



(3.11) 



we note that the solution following from the equation for the shifted dilaton can be written 

as 

p{x) = p+(x + ) + p_(z") (3.12) 
With this, the solution to eq. (|3.10|) can be written as 



t(x) = (3.13) 

where uj is the constant of integration, which can be thought of as a global spectral param- 
eter. It is clear that the solutions in eq. ( 3.1 3| ) are double valued in nature. 

There are several things to note from our discussion so far. First of all, the one pa- 
rameter family of connections (currents) does not determine the potential V(x, t) uniquely, 
namely, V and S(u)V , where S(u>) is a constant matrix, yield the same one parameter 
family of connections. Second, in the presence of the spectral parameter, the symmetric 
space automorphism can be generalized as 



r ] ™(V(x,t)) = V (V(x,- t )) 
It can be shown, following from this, that 



V-\x,\) 



(v-\x,j)d a V(x,j)y = -1r 1 



(x,t)d a V{x,t) 



Given these, let us define 



M 



It follows now, from eq. ( 3. 15j ) , that 



V(x,t)V T (x,-) 



d n M = 



(3.14) 

(3.15) 
(3.16) 
(3.17) 
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Namely, M = M{oS) and is independent of space-time coordinates. M{oS) is known as 
the monodromy matrix for the system under study and encodes properties of integrability 
such as the conserved quantities associated with the system. 

Let us next describe how the monodromy matrix is constructed for such systems. For 
simplicity, we will consider the action in Q2.2| ), which describes a sigma model defined on 
the coset o{d)x'o(d) • ^ ne other case can be studied in a completely analogous manner. To 
start with, let us set the anti-symmetric tensor field to zero, namely, B = 0. In this case, 
we can write 

Let us further assume that the matrix E and, therefore, G are diagonal, as is relevant in 
the study of colliding plane waves. Namely, let us parameterize 



E = diag. (e§( A +^), e l( A +^),..., e §( A +^) 

G = diag. ( e A+ ^, e A+ ^,-.., e A+ ^) (3.19) 
with J2i = so that A = \ log det G, as adopted in [p?f |. 



In this case, it follows that (see (2.21)) 



Q a = l - (jyP=*) r i daV (B=o) _ ((vM)-!^))?) = o ( 3. 20) 



-E- x d a E 
E~ l d a E 



so that we have 

^=0^-1^(3=0) = izl p +) { y(B=0)yl d _y(B=0) = 1±* p_ ^ 

Since P± are diagonal matrices and V^ B=0 ^(x, t = 0) = V^ B=0 \x) is diagonal, it follows 
that we can write 

with V^ B °^ (x, t) a diagonal matrix of the form (V\, V2, • • • , V^). Let us assume that 

V^^J^E^, i = l,2,-..,d (3.23) 

where ti is the spectral parameter corresponding to the constant cjj. Clearly, for t = 0, this 
leads to the diagonal elements of V^ B=0 \ Furthermore, noting the form of P± in ( 3.2Q ) 
and recalling that the spectral parameters satisfy 

d±t = ^ d ± In p, d±t t = i±£ at In p (3.24) 
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it is easy to verify that 

V-'d+Vi = d±lnE^ T j^—d^ln f- Jj-) = l^d+lnE^ ( 3 .25) 

provided we identify (ti and td+i have opposite signatures following from the double valued 
nature of the solutions in fl3,13| )) 

U — E~ 2 (3.26) 



td+i 

In that case, we can write 



^or 1 ^)^ -r^ o ) = lri p± (3 . 27) 

/ l±t\ E- 1 d±E J l±t ± v ' 

Thus, we see that, in the present case, 



y _ td+i t tj ^_-y _ / td+j t tj ,g 

ti t — td+i 1 V ti t — td+i 



and the matrix V^ B °\x,t) has 2d simple poles - one pair for every diagonal element Ei. 

sfy 

(3.29) 



Furthermore, it is simple to check from eq. ( 3.13) that the spectral parameters satisfy 

U) — UJi _ td+i t — ti j — ti 



W — UJd+i ti t — td+i \ — td+i 

so that we can determine the monodromy matrix to be of the form 

m {b=0) = V^HxMV^fi^) = M - 1{u) 

where M{uS) is diagonal with 



(3.30) 



Mi(uj) = Vi(x, t)Vi(x, 7) = - - - (3.31) 

t Ul — UJd+i 

We note that the double valued relation between the global and the local spectral param- 
eters allows us to choose UJd+i = —Wi, in which case, we have 

Mi{uj) = (3.32) 

This determines the monodromy matrix for the case when B = 0. 

Let us note next that we are dealing with a sigma model, obtained through dimen- 
sional reduction of a higher dimensional tree level string effective action. Therefore, the 
symmetries present in the string theory, such as T - duality, should be encoded in the mon- 
odromy matrix as well. For example, it is known that one can generate new backgrounds 
(of the string theory) starting from given ones through T-duality transformations. In par- 
ticular, starting from a background where B = 0, it is possible, in some models (such as the 
Nappi-Witten model), to generate backgrounds with B 7^ through a T-duality rotation. 
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It is natural, therefore, to examine how the monodromy matrix transforms under such 
transformations, for, then, we can determine the monodromy matrix for more complicated 
backgrounds starting from simpler ones. 

Let us note that the T-duality transformation, within the context of string theory 

(without Abelian gauge fields), corresponds to a global 0(d,d) rotation. Since the one 

Q(d,d) 
0(d)xO(d) 

that under a global 0(d,d) rotation 



parameter family of matrices V(x,t) £ o(d)x'o(d) mucn like V(x) = V(x,t = 0), it follows 



v(x,t) — ► n T v(x,t) 
M(w) = v(x, t)v T (x, -) — ► n T v(x, t)v T ( x , -)n = n T M(u)n (3.33) 

Let us also recall that, under a local 0(d) x 0(d) transformation, V(x,t) — > V(x,t)h(x). 
Therefore, the only local transformations which will preserve the global nature of the mon- 
odromy matrix are the ones that do not depend on the local spectral parameter explicitly. 
We have already seen that the matrix M = VV T is only sensitive to the global 0(d,d) 
transformations even though V(x) transforms non-trivially under a combined global 0(d, d) 
and a local 0(d) x 0(d) transformation. In a similar manner, M(uj) is only sensitive to 
the global 0(d,d) rotation. We will check this explicitly in the case of the Nappi-Witten 
model in the next section. For the moment, let us note that this brings out an interest- 
ing connection between the integrability properties of the two dimensional string effective 
action and its T-duality properties, which can be used as a powerful tool in determining 
solutions. 

For completeness, we record here the transformation properties of M under an in- 
finitesimal 0(d,d) transformation. Let us denote 

fi = (MuM ?a \ (3 34) 



where each element represents a d x d matrix. Infinitesimally, we can write [20| 

Si=f 1 + X Y ) (3.35) 
where the infinitesimal parameters of the transformation satisfy Y T = —Y, Z T = — Z and 



W = —X T . Under such an infinitesimal transformation, it follows from ( 3.35 ) that 

SMxi = MnX + X T M n - ZM 12 + M U Z 
5M 12 = M n Y + X T M 12 - ZM22 - Mi 2 X T 
5M 2l = -YM n - XM21 + M21X + M22Z 



SM22 = M21Y - YM 12 - XM22 - M 22 X T (3.36) 



4. Application 



The ideas presented in the earlier section can be applied to various physical systems. 
For example, if we are considering collision of plane-fronted waves, which correspond to 
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massless states of closed strings, because of the isometries in the problem, this can be 
described effectively by a two dimensional theory and all our earlier discussions can be 
carried over flltf . In this section, we will discuss one other class of physical phenomena 
where our results can be explicitly verified and prove quite useful. 

4.1 The Nappi-Witten Model 



The Nappi-Witten model [19] is an example of a cosmological solution following from 
the string theory. Let us note that, to leading order in a' , the string tension, there are 
several solutions to the string equations following from (|2.1| ) that constitute exact CFT 
backgrounds. One of these solutions, studied by Nappi and Witten, corresponds to a gauged 
sofi?) x IJTiT Wess-Zumino- Witten model and describes a closed expanding universe in 
3+1 dimensions. The backgrounds consist of the metric, the dilaton and the anti-symmetric 
tensor fields of the forms (Here, we identify X° = T.) 

ds 2 = —dT 2 + dx 2 + - — (4 cos 2 r cos 2 x dy 2 + 4 sin 2 r sin 2 x dz 2 ) 

1 — cos It cos 2x 

4> = — — log(l — cos 2r cos 2x) 

(cos 2t - cos 2a) 

B12 - -B 2 \ =b = - — (4.1) 

(1 — cos It cos Ix) 

Here, we have set an arbitrary constant parameter appearing in the Nappi-Witten solution 
to zero for simplicity. 

Note that the backgrounds do not depend on two of the coordinates, namely, (y, z) and, 
consequently, following from our earlier discussions, the system has an 0(2,2) symmetry. 
It is known that these backgrounds can be obtained from a much simpler background, with 
a vanishing B field, of the form 

ds 2 = — dT 2 + dx 2 -\ 7j — dy 2 + tan 2 x dz 2 

tan z r 

= - log(sin2r sin2x). (4.2) 

through an 0(2, 2) rotation. In the language of our earlier discussion, we note that we can 
write 

° -{ o ^""-* m ) - (o h ) ( ' 

with 

£i = exp(A° + V°) = 6 = exp(A° - /) = — L- (4.4) 

tan z r tan z x 

where the superscript "0" denotes the vanishing B field. In this case, therefore, we have 

««- ( (G 7 rl cA) 

On the other hand, it is easy to check that we can write 
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B 



i - 

i + £16 



e = be 



(4.6) 



where e is the 2x2 anti-symmetric matrix 



1 
-1 



so that 



M (B) _ ( (G^)- 1 -{G^T l B 



It is now a simple matter to check that 



where |8| 



(4.7) 



(4- 



(4.9) 



(4.10) 



belongs to 0(2, 2). Here, I represents the 2x2 identity matrix while e is the 2x2 anti- 
symmetric matrix defined in ( |4.7| ). This shows that the backgrounds with a nontrivial 
anti-symmetric tensor field can be generated from a much simpler background with a 
vanishing B field through a global 0(2, 2) rotation. 
It follows from eq. (4.3) that we can write 

E {B=0) = 

so that we have 



VTi 





(4.11) 



y(B=0) 

and it follows that (see eq. ( 3.20[ ) ) 



(£;(B=0))-1 o 

£( B = ) 



(B=0) 



P. 



Qi S=0) = 



. (£7 (B=0))-i a±jB (B=0) o 

(E^r^iE^ 



(4.12) 



/_(9±li) o \ 

o 1 

2 

V ^1 y 



(4.13) 



In this case, therefore, the one parameter family of potentials, V^ B °'(x, t), have to satisfy 

JB=0) 



(since Q ( ±- u > = 0) 

(V^)-H^t)d±V {B=0) (x,t) = iiipf =°) 

where t is the space-time dependent spectral parameter. 



(4.14) 
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Following our earlier construction (see ( |3.2Sj )), we can determine 
V( B =°)(x,t) = diag. (Fx, • • • ,F 4 ) = diag. ( 
where 



*3 



'4 *— *2 



«1 *~*3 
*3 



If (4-15) 



*1 _ /p B=0K-2 _ 1 

•r- - \ h i ) ~ j- 



*2 _ / p (B=0)x_2 _ 1 
14 ?2 



(4.16) 



It can be checked explicitly, using the equation satisfied by the spectral parameter, Q3.24Q , 
that ~V~( B=Ql \x,t) in (|4.15 ) does indeed satisfy ( 4.14 ). The monodromy matrix, in this case, 
follows to be 



M (B=0) 



M{u) 
M~ l (u)) 



Q W 2 — W 
















o 



/ UJ — UJ1 
' UI—UJ3 




V o 

o \ 















UJ — UJ2 
LU—UJ4 

Q UJ—UJ3 
LU — LO\ 





\ 



LP— LU4 
LU—LO'2 / 



(4.17) 



where we have identified u>s = —uj\,U4 = —U2- 
When B ^ 0, we can similarly obtain 



E {B) 

y( B ) 




1+66 
' (EW)-i o \ 



(4.18) 



It follows now that 



R 



± 



Q= 



-(B^)- 1 ^' -\{E^)- l {d ± B){E^)- 1 
r {E^))-\d ± B)(E^)- 1 {E^)~ l d ± E^ 

^(E^)- 1 (8 ± B)(E^)- 1 \ 



(4.19) 



[^(E^rHdiB^E^)- 1 o y 

In this case, therefore, Q± ^ and the one parameter family of potentials has to satisfy 

{V^r\x,t)d ± V^{x,t) = + ) (4.20) 

It is straightforward to check that 

V {B) (x) = n T V (B=0) (x)h(x) (4.21) 
where O is the 0(2, 2) matrix defined in ( 4.10| ) and h(x) € 0(2) x 0(2) and is of the form 



h(x) = — f Vr ^ / 



(4.22) 
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It can also be checked that 



v^ B \x,t) = n T v^ B = \x,t)h(x) 



(4.23) 



( aV 1 +f3V i 



(4.24) 



o 07 1 - «F 4 \ 

-0V 2 + aV 3 
[3V 2 + aV 3 
\ aVx -0V 4 (Wi + aV 4 ) 

b and (3 = \/l + b, satisfies the defining relation in ( |4.20| ). We note here 










aV 2 + PV 3 
-aV 2 + 0V 3 




where a 

that, when B ^ 0, while V^ B '(x) is triangular, V^ B \x,t) is not in general and that both 
V™ and are related to their counterparts with B = through a combined global 

0(2,2) and a local 0{2) x 0(2) transformation. Furthermore, as was pointed out earlier, 
the local transformation does not depend explicitly on the spectral parameter. This is 
quite crucial, for it immediately leads to 



M&) = v W(x,t)(y {B) ) T (x,- 



n T V^ B=0 \x,t)h(x)h T (x)(V^) T (x, 



( Mx + M 2 l 



\Mi-M: 



Mi 

M 2 +M^ -M2 + M1 1 
M 2 +M^ 1 M 2 +M^ 1 











M1 + M2 1 



(4.25) 



where M\ = and M2 = are the two diagonal elements of M(u>) in (|4.17| ). This 
shows explicitly that, for backgrounds related by a duality transformation (in the present 
example, an 0(2,2) rotation), the corresponding monodromy matrices are also related in 
a simple manner, as was pointed out in the last section. 



5. Summary and Discussion 

In this talk, we have described the prescriptions for the construction of the monodromy 
matrix for two dimensional string effective action. We adopted the procedure commonly 
followed in the construction of the monodromy matrix for a class of two dimensional a- 
models in curved space. As mentioned earlier, in most of the cases, the cr-model arises from 
the dimensional reduction of higher dimensional Einstein-Hilbert action to two dimensional 
space-time due to the presence of isometries. In the context of string theory, a similar 
approach was adopted in the past to construct the monodromy matrix as was the case 
with dimensionally reduced models in gravity. 

One of our principal objective was to take into account the symmetries associated with 
the string effective action and construct the monodromy matrix which contains information 
about these symmetries. We have succeeded in introducing a procedure for the construction 
of the monodromy matrix under general grounds with some mild requirements such as 
factorizability and presence of isolated poles. Furthermore, we have demonstrated that the 
monodromy matrix transforms non-trivially under the non-compact T-duality group when 
the two dimensional string effective action respects that symmetry. We feel, this is an 
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interesting and important result. The procedure, adopted by us, allows us to construct the 
monodromy matrix, once a set of string background configurations are known. As a result, 
if we know monodromy matrix for a given set of simple string vacuum backgrounds, we can 
directly obtain the corresponding monodromy matrix for another set of more complicated 
backgrounds, if the latter can be derived by duality transformations from the simpler 
backgrounds. 

We have discussed an illustrative example in Section IV as an application of our meth- 
ods. We considered the Nappi-Witten model which is exactly solvable for both vanishing 
and non- vanishing two form potential B. This is a good testing ground for duality trans- 
formation properties of the monodromy matrix. We have constructed this matrix for the 
case B = 0. Subsequently, we have also constructed it for the case B ^ 0. Then, as a 
consistency check, we have derived the A4 B from A4 B=0 following our rules of the trans- 
formations of Ai under duality. Indeed, it is found that the monodromy matrix computed 
using the two different ways, mentioned above, coincide. Although we have not discussed, 
the black hole solutions in heterotic string theory can also be described in this way [17]. 
Namely, the monodromy matrix for the 'seed' Schwarzschild black hole in heterotic string 
theory can be constructed and that for charged black hole solutions can be obtained from 
this, since the T-duality transformations which generate charged black hole solutions are 
already known. 

It is worth while to mention that all our results are derived for the case of classical 
two dimensional effective theory as is the case for effective two dimensional theories de- 
rived from higher dimensional Einstein-Hilbert action. It might be interesting to explore 
systematically the construction of the monodromy matrix and its properties in quantum 
theory. We hope the work presented here will find applications in diverse directions where 
one encounters effective two dimensional models in the context of string theory. 
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